Abstract-Massive multiple-input multiple-output (MIMO) is a potential physical layer technology for 5G cellular networks. This paper leverages stochastic geometry to derive the uplink signalto-interference (SIR) distribution in massive MIMO networks. Based on the derived expressions, a scaling law between the number of base station antennas and scheduled users per cell is provided to preserve the uplink SIR distribution, where the impacts of correlation in small-scale fading and power control in the form of fractional path loss compensation are taken account. Numerical results verify the analysis, and show that fractional power control with a compensation fraction of 0.5 is nearly optimal for the average achievable rate in certain cases.
I. INTRODUCTION
Massive multiple-input and multiple-output (MIMO) is an approach to increase the area spectrum efficiency in 5G cellular systems [1] - [4] . It works by using many antennas in a large-scale antenna array to simultaneously serve a large number of users and provide high sum throughput [1] - [4] . In this paper, we focus on massive MIMO operated in timedivision duplex (TDD) mode below 6 GHz, where reciprocity in the channel is exploited to avoid feedback, and pilots are reused to reduce the training overhead [1] - [4] . Prior work showed that due to asymptotic orthogonality between channels, high throughput could be achieved with large-scale antenna arrays through simple signal processing, and that the asymptotic performance of massive MIMO (in the limit of the number of base station antennas) is limited by pilot contamination [1] .
Most prior work studied the performance of massive MIMO using a simplified network topology, e.g. considering only a few base stations in a hexagonal grid [1] , [5] - [7] . With the densification of cellular networks, it is of interest to consider less regular network topologies with a large number of base stations. Fortunately, simple characterizations of the signalto-interference ratio (SIR) and rate in large networks were enabled by stochastic geometry [8] . The work in [8] , however, does not directly extend to massive MIMO networks, as it focused on the single user per cell scenario with perfect channel state information (CSI). Stochastic geometry was applied to study the asymptotic SIR and rate in a massive MIMO networks in [9] , [10] , where the asymptotic SIR is shown to be approached with impractically large number of antennas, e.g. 10 4 antennas. Related work in [11] applied stochastic geometry to study the uplink performance under the identically and independently distributed (IID) fading assumption. A linear scaling between the numbers of base station antennas and scheduled users was found to maintain the same mean interference, which need not preserve the SIR distribution.
In this paper, we apply stochastic geometry to study the uplink SIR performance in a large-scale massive MIMO network using maximum ratio combining (MRC). The proposed model incorporates correlated small-scaling fading with exponential correlation [12] , and fractional power control by compensating for a fraction of the path loss as in long term evolution (LTE) systems [13] . Compared with prior stochastic geometry network models [8] , the model characterizes the distribution of both inter-cell and intra-cell users in the uplink, and accounts for the effect of imperfect CSI due to pilot contamination. Unlike prior work that focused on the asymptotic performance [9] , [10] , we derive analytical expressions for the non-asymptotic uplink SIR distribution, as a function of the number of base station antennas and scheduled users per cell. Based on the analytical expressions, the scaling law between the base station antennas and scheduled users per cell is obtained to maintain the same uplink SIR distribution. Our analysis shows that (i) to maintain the same uplink SIR, the number of antennas should generally scale superlinearly with the number of scheduled users per cell; (ii) the linear scaling law in [11] preserves the SIR distribution only in the case of full compensation of the path loss in power control; and (iii) correlations in small-scale fading reduce the uplink SIR coverage. Numerical results also indicate that the average per user rate can be maximized by adjusting the compensation fraction in the fractional power control, and the optimal fraction is around 0.5 in certain cases.
II. SYSTEM MODEL
In this section, we introduce the uplink system model for a massive MIMO cellular network operated in the sub-6 GHz band. The model can be extended for massive MIMO at millimeter wave (mmWave) frequencies by incorporating certain differences in propagation and hardware constraints [14] . Each base station is assumed to have M antennas. In each time-frequency resource block, a base station can simultaneously schedule K users in its cell. Let X be the location of the -th base station, Y (k) be the location of the U.S. Government work not protected by U.S. copyright k-th scheduled user in the cell of -th base station, and h (k) the channel vector from X to Y (k) .
As in [1] , we consider a network operated in the following TDD mode with perfect synchronization: in the uplink channel training stage, the scheduled users send their assigned pilots T k , and base stations estimate the channels using the orthogonality of the pilots; in the uplink data transmission, the base stations apply MRC to receive the uplink data, based on the channel estimates derived from uplink pilots. Further, we assume full reuse of the orthogonal pilots {T k } 1≤k≤K in the network. Now, we introduce the channel model assumptions. The channel is assumed to be constant during one resource block and fades independently from block to block. Moreover, we apply a narrowband channel model, as frequency selectivity in fading can be minimized by techniques like orthogonal frequency-division multiplexing (OFDM) and frequency domain equalization [15] . To model the correlated small-scale fading, we express the channel vector as
where
n is the large-scale path loss, w
n is a Gaussian vector with the distribution CN (0, I M ) for Rayleigh fading, and Φ (k) n is the covariance matrix to account for correlations in small-scale fading. Let λ n . We assume that for all channels, the trace of the covariance matrix is normalized to M , i.e, 
Note that the constraint in (2) is satisfied by many common channel models, including the IID fading model, the exponential correlation matrix model [12] , and the case of uniform linear arrays with certain continuous angular spread [16] . The large-scale path loss gain β
n is computed as
where C is a constant determined by the carrier frequency and reference distance, R
n , α > 2 is the path loss exponent, and δ ≥ 0 is a (small) distance, e.g. the reference distance of 1 meter, intended to address the near field effect. Similar path loss models have been used in prior work on cellular network analysis [17, Page 169] . The condition that δ > 0 is essential to prove the convergence of SIR in the asymptotic regime with infinity antennas [14] , which requires the finiteness of the path loss. For the analysis in the non-asymptotic regime, we will assume δ = 0 as in [8] , [18] for tractability of the analysis.
Next, we introduce the network topology assumptions based on stochastic geometry. We assume the base stations are distributed as a Poisson point process (PPP) with density λ b .
A user is assumed to be associated with the base station that provides the minimum path loss signal. The users, either scheduled or not in a resource block, are uniformly distributed on the plane with sufficiently high density, such that in any resource block, a base station has at least K candidate users in its cell for potential scheduling. Without loss of generality, a typical scheduled user Y (1) 0 is fixed at the origin. We will investigate the SIR and rate performance at this typical user. Now we focus on the distribution of scheduled users in a resource block.
be the point process formed by the locations of the scheduled users Y (k) , i.e., all the scheduled users assigned with the k-th pilot sequence T k . Note that even though the users are distributed as a PPP on the plane, the scheduled users do not form a PPP, as their locations are correlated due to the unique assignment of the pilot T k within a cell. Unfortunately, the correlations in the scheduled users' locations make the exact analysis intractable [18] . Therefore, we make the following approximations on the distribution of the scheduled user process N The assumptions allow for tractable analysis of the SIR and lead to tight approximations as revealed by the simulations in Section IV. In addition, the exclusion ball model can be viewed as the first-order equivalence of the uplink topology model in [18] , where the pairwise correlations in users' locations are taken account.
Next, the fractional power control, as used in the LTE systems [13] , is assumed in both the uplink training and uplink data stages: the user Y (k) transmits with power P t β
where β (k) is the path loss in the desired link,
is the fraction of the path loss compensation, and P t is the open loop transmit power with no power control. Further, we omit the constraint on the maximum uplink transmit power for simplicity.
To maintain tractability of the analysis using stochastic geometry, we assume that the base stations estimate the channel by correlating the received training signal with the corresponding pilot without using the minimum mean squared error estimation as employed in [6] . Thermal noise is ignored in our analysis, as cellular networks below 6 GHz are mostly interference-limited, and the impact of noise vanishes when the number of antennas M grows large [1] . Hence, in the channel estimation stage, the estimate of the channel
is the estimation error caused by pilot contamination. In the uplink, to decode the uplink data from Y (1) 0 , the base station X 0 is assumed to use the channel estimateh (1) 00 to perform MRC. Therefore, the uplink SIR for the user Y
The proposed system model represents a simple massive MIMO systems in which the SIR expression can be analyzed using stochastic geometry. In the following sections, we will study the uplink SIR distribution.
III. PERFORMANCE ANALYSIS
In this section, we first introduce the asymptotic SIR results, when the number of antennas goes to infinity. Then we focus on the non-asymptotic case with finite base station antennas, where we propose to solve the problem of how the number of antennas M should scale with the number of scheduled users per cell K, to maintain the same uplink SIR.
A. Asymptotic SIR Analysis
Now we study the asymptotic uplink SIR when the number of base station antennas goes to infinity. Similar to the analysis in finite-size networks [1] , when M → ∞, the uplink SIR converges to an asymptotic equivalence in the proposed largescale networks. The convergence results are summarized in the following theorem. The proof of the results can be found in [14] Theorem 1: With δ > 0, the uplink SIR in the proposed network converges to its asymptotic equivalence in probability
, when the number of antennas M → ∞. Further, for < 1, the distribution of the asymptotic SIR can be approximately as
where Γ(·) is the Gamma function. Though the asymptotic results provide an upper performance bound for the uplink SIR with finite antennas, however, the tightness of the bound is not guaranteed. As in [10] , [14] , simulations show that it may require more than 10 4 antennas to approach the asymptotic bound in certain cases. Consequently, we continue to study the non-asymptotic SIR in the subsequent section.
B. SIR Analysis with Finite Antennas
The non-asymptotic SIR for finite base station antennas is generally difficult to analyze, due to the correlation between the interference terms that do not vanish in the non-asymptotic SIR expression. To obtain insights on the uplink performance, we begin the analysis with the following simple case.
Case 1 (IID fading with no power control): The smallscale fading in all links is assumed to be IID Rayleigh, and the fraction of the path loss compensation is = 0. In this case, the uplink SIR can be evaluated as follows.
Theorem 2: With IID Rayleigh fading and no fractional power control, the uplink SIR distribution can be approximated as
where We will show in Section IV that Theorem 2 provides a tight approximation, when N ≥ 5 terms are used. Moreover, note that in (6), the number of antennas M and the number of scheduled users per cell K only affect the value of μ. Therefore, by Theorem 2, assuming IID fading channel and no power control, the scaling law to maintain the same uplink SIR distribution is (M + 1) ∼ K α/2 , which is superlinear when α > 2. Next, we extend the results to correlated fading.
Case 2 (Correlated fading with no power control): For the ease of illustration, we use the exponential antenna correlation model [12] as an example to account for the fading correlations, while the results apply to other correlation models satisfying the constraint in (2). In the exponential correlation model [12] , the (i, j)-th entry of correlation matrix
where ρ ∈ [0, 1) is the correlation coefficient of the channels between neighbouring antennas. Measurements showed high correlations, e.g. ρ > 0.5, between antennas half-wavelength apart in massive MIMO systems [19] . For simplicity, we assume ρ remains the same for all channels in the analysis. In the correlated fading case, we can compute the uplink SIR in the following corollary. Corollary 2.1: With correlated fading, the uplink SIR distribution can be appropriated via (6) by replacing the scaling constant μ as μ = Note that with correlations in fading, the scaling law to preserve the SIR distribution is (M + 2γ − 1) ∼ K α/2 . Compared with the IID fading case, the correlations in fading result in a shift of 2(γ − 1) in the scaling law, which is approximately twice the difference in the average square of the eigenvalues of the fading covariance matrices. Moreover, given the fact that γ increases with ρ, it follows that the higher the correlation, the more antennas are needed to maintain the same SIR distribution. Next, we continue to study the impact of fractional power control.
Case 3 (Fractional power control):
The case with fractional power control is generally difficult to analyze due to the complicated SIR expression. In the case of full path loss compensation ( = 1), where all the scheduled users in a cell have the identical effective path loss after the compensation in power control, the analysis in [6, Corollary 2] show that a linear scaling between M and K is sufficient to keep the SIR unchanged. For general ∈ (0, 1), we can approximate the scaling law between M and K in the following corollary.
Corollary 2.2: With fractional power control, the scaling law between M and K is approximately (M + 2γ − 1) ∼ K s , where the exponent of the scaling law is s = α 2 (1 − ) + . Proof: Note that by [6] , when = 1, s = 1, and by Theorem 2, when = 0, s = α 2 . Therefore, for general 0 < < 1, the exponent of the scaling law s can be approximated as the linear fitting from the two extreme cases.
Though an approximation, the proposed scaling law in Corollary 2.2 matches the simulation results.
Last, we can apply the SIR results to compute the achievable rate. Let the average achievable spectrum efficiency at a typical user be ξ = log 2 (1 + min{SIR, T max }) , where T max is a SINR distortion threshold determined by the limiting factors like non-linearity in the radio frequency front-end. Given the SIR distribution P(SIR > T ), the average achievable spectrum efficiency can be computed as in [20, Section III-C].
IV. NUMERICAL RESULTS
In this section, we verify our analytical results with numerical simulations. As a general setup of Monte Carlo simulations, we assume the user density is 60 times the base station density, and the base stations randomly pick K out of the associated users to serve in a resource block. In the simulation, the average inter-site distance between base stations is 300 meters. 
Asymptotic SIR distribution:
In Fig. 1 , we show the convergence of uplink SIR to its asymptotic equivalence. We assume IID fading channel in the simulations. Numerical results show that more than 10 4 antennas are required to approach the performance in the asymptotic regime.
Impact of fading correlations:
We plot the SIR distributions with IID fading and correlated fading in Fig. 2 . Note that ρ = 0 represents IID fading, and ρ = 0.8 indicates high fading correlations. In the simulations, we double the number of scheduled users K from 4 to 8, and scale the number of antennas M according to the proposed scaling laws, which are shown to preserve the SIR distributions in Fig. 2 . The impact of correlation can be summarized as follows: (i) correlations in fading degrade the SIR coverage in massive MIMO networks, as fixing M and K, the CCDF of SIR decreases with ρ; (ii) the correlations requires more antennas than the IID fading case to maintain the uplink SIR when increasing the number of scheduled users per cell.
Impact of fractional power control: We examine the impact of fractional power control in Fig. 3 . We compute the required number of antennas M by Corollary 2.2, when increasing the number of scheduled user K from 5 to 10, and check if the scaling law preserves the SIR distribution by simulations: the proposed scaling law is shown to be accurate in Fig. 3 . Numerical results also show that a large compensation fraction improves the SIR coverage in the low SIR regime at the expense of sacrificing the coverage in the high SIR regime. Intuitively speaking, fractional power control improves the cell-edge user SIR by trading off the performance of the non-cell-edge users.
Verification with hexagonal grid model: In Fig. 4 , we use a layout of 19 hexagonal cells with inter-site distance of 300 meters; only the scheduled users in the central cell are counted for the SIR statistics, to avoid edge effect. With K = 10 scheduled users per cell, the required M to maintain the same SIR as that of (K, M ) = (5, 32) is computed by Corollary 2.2, which is shown to be almost accurate with extensive combinations of the system parameters in the hexagonal grid model. This shows that the stochastic geometry model provides reasonable predictions even for the hexagonal model.
Rate performance: We illustrate the results on the average spectrum efficiency per user in Fig. 5 . In the simulation, we assume M = 64 base station antennas, and K = 10 scheduled users per cell. Consistent with the SIR results, higher levels of correlations in fading result in lower per user rates. Numerical results also show that the average spectrum efficiency is sensitive to the fraction of the path loss compensation, while the range of the optimum in the simulations is generally between 0.5-0.6.
V. CONCLUSIONS
In this paper, the uplink SIR in massive MIMO networks with MRC receivers was studied using a stochastic geometry model. Approximate expressions to compute the SIR distributions were derived in both asymptotic and non-asymptotic cases. Based on the SIR analysis, the scaling law between the numbers of antennas and scheduled users per cell was provided to maintain the same uplink SIR distribution. Our analysis showed that compared with the scaling law of IID fading, the spatial correlation resulted in a constant offset in the number of antennas. The exponent of the scaling law is affected by the fractional power control. The analytical results were verified with numerical simulations. Besides, numerical results indicated that the optimum fraction of the fractional power control is roughly 0.5 to maximize the average achievable rate. For future work, the framework can be extended to study the performance of more advanced combining schemes, e.g. with zero-forcing receivers.
APPENDIX

A. Proof of Theorem 2:
First, with M base station antennas, the uplink SIR expression in (4) can be approximated as by its mean, which is computed by Campbell's Theorem [21] .
Next, conditioning on R (1) 00 = x, we compute the conditional uplink SIR distribution as P SIR > T |R where in (a) we use a "dummy" gamma variable g with unit mean and shape parameter N to approximate the constant number one, and the approximation follows from the fact that g converges to one when N goes to infinity, i.e., lim n→∞ as a PPP with density Kλ b , and it follows from computing the Laplacian functional of the homogeneous PPP [21] . Last, noting that R (1) 00 is a Rayleigh random variable with mean 0.5 1/λ b [8] , we obtain the uplink SIR distribution by de-conditioning on R First, similar to the proof in Appendix A, the uplink SIR expression with fading correlations can be approximated as SIR ≈ E|h
